ORTHOGONAL POLYNOMIALS 
IN SEVERAL VARIABLES. I 



T. CONSTANTINESCU 



Abstract. In this paper we introduce and discuss some classes of orthogonal poly- 
nomials in several non-commuting variables. The emphasis is on a non-commutative 
version of the orthogonal polynomials on the real line. We introduce recurrence equa- 
tions for these polynomials, Christoffel-Darboux formulas, and Jacobi type matrices. 

1. Introduction 

Orthogonal polynomials in several variables are known for long time, see for instance 
||, but their theory is less developed than in the one variable case. The commutative 
case is also studied more intensively (see, for instance, p|, fL8|), while the studies for 
the non-commutative case appear to be quite sparse (see |TT|). 

Our goal is to introduce and study some classes of orthogonal polynomials in several 
non-commuting variables. In this paper we focus on polynomials that are viewed 
as analogues of the orthogonal polynomials on the real line. The main topics are: 
recurrence equations, Szego kernels, and Jacobi matrices. 

The paper is organized as follows. In Section 2 we introduce the main definitions and 
several examples. Especially, we briefly review a non- commutative version of the Szego 
theory of orthogonal polynomials on the unit circle that was sketched in 0]. Section 3 
deals with recurrence equations. In Section 4 we introduce a non-commutative Szego 
type kernel which is viewed as a sort of reproducing kernel for the Siegel upper half- 
space. Section 5 deals with Jacobi type matrices associated to the recurrence equations 
introduced in Section 3. 

2. Orthogonal polynomials 

In this section we introduce the main definitions and briefly discuss several examples. 
Let F^- be the unital free semigroup on M generators g±, . . . ,gu with lexicograhpic 
order -<;. The empty word is the identity element and the length of the word a is 
denoted by \a\. The length of the empty word is 0. 

Let O N be the algebra of polynomials in 2N non-commuting indeterminates Y\,. . . ,Y^, 
Yn+i,- ■ ■ ,Y2N with complex coefficients. Each element Q e O N can be uniquely written 
in the form Q = ^ (TgF + c a Y ai with only finitely many c a ^ and Y a = Y ix . . . Y ik for 

a — i\ . . . ik £ ^2N- A n involution I can be introduced on 0% as follows: 

l(Y k ) = Y N+k , k = l,...,N, 



I{Y l ) = Y l . N , l = N + l,... ,2N; 

on monomials, 

l(Y il ...Y ik )=l(Y ik )...l(Y il ), 
and finally, if Q = ^ CTgF + c a Y a , then X(Q) = ^2 a&¥ + c a 1(Y a ). Thus, O N is a unital, 
associative, *-algebra over C. 

Let V% denote the algebra of polynomials in N non-commuting indeterminates 
Y±, . . . ,Yn with complex coefficients. Then V% is a subalgebra of 0%. We say that 
A C 0% is X-symmetric if P G A implies cX(P) G A for some c G C — {0}. We 
construct an associative algebra O N (A) as the quotient of O q n by the two-sided ideal 
£{A) generated by A. We notice that O N ($) = 0%. We let tt = tt a : O N ->• 0^(.4) 
be the quotient map and since .4 is X-symmetric, 

(2.1) I A (ir(P)) = ir(I(P)) 

gives an involution on 0% (A). We will be interested in linear functionals <fi on O N (A) 
with the property that 4>{X a {ti{P))ti{P)) > for all P G V%. Without loss of generality 
we will assume that <fi is unital, 0(7r(l)) = 1. Such a functional will be called a positive 
functional on O N {A). The proof of the following result is straightforward and can be 
ommited. 

Lemma 1. Let <p be a positive functional on O N (A). Then 



1) 0(X^(vr(P))) = 0(tt(P)) forPeV° N . 

2) |0(X^(tt(P 1 )V(P 2 ))| 2 < 0(X^(7r(P 1 ))vr(Pi))0(X^(7r(P 2 ))7r(P 2 )) / rP 1; P 2 G P^. 

We now consider the GNS construction associated to <fi. Thus, we define on 7r(P^), 
(2.2) MP), tt(P 2 )) = 0(X^(7r(P 2 )7r(P 1 )), 

and factor out the subspace Af^ = {vr(P) | P G Pj^, (7r(P), 7i(P))^ = 0}. Completing 
this quotient with respect to the norm induced by ( [2.2|) we obtain a Hilbert space Ti^. 
From now on we will assume that <ft is strictly positive, that is, 0(X_4(7t(P))7t(P)) > 
for all P G V% — £(.4.), so that = {0} and n{V%) can be viewed as a subspace of 
Ti^. Let T = {F a } aeG be the set of the distinct elements ^(F^), a G F^. The index set 
G is chosen as follows: the equality on {7i~(Y a ) \ a G F^} gives an equivalence relation 
and choose from each equivalence class the element Tr{Y a ) with the least a with respect 
to the lexicographic order. Then G C F^ and G G. Let G n = {a G G \ \a\ = n}, 
then G = {0} and {G n } n > is a partition of G. 

Since is strictly positive it follows that T is a linearly independent family in and 
the Gram-Schmidt procedure gives a family {(p a } al =G of elements in vr(P^) C (9^(^4) 
such that 



(2.3) 



fa — / ] a a ,pPp, > 0; 
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(2.4) 



((f a , ipp)^ = 5 a ,p, a, ft G G. 



The elements <p a , a G G, will be called the orthogonal polynomials associated to 0. 
Typically, the theory of orthogonal polynomials deals with the study of algebraic and 
asymptotic properties of the orthogonal polynomials associated to strictly positive 
functionals on O N (A). An explicit formula for the orthogonal polynomials can be 
obtained in the same manner as in the classical (one variable) case. Define 

(2.5) s a> p = <P(l A (F a )Fp) = (Fp, F a )+, a, PEG, 

and 



(2.6) 



D r 



det [s 



> 0, a eG. 



We notice that is a positive functional on O N (A) if and only if K,p(a, ft) = s a> p, 
a, ft G G, is a positive definite kernel on G. From now on r — 1 denotes the predecessor 
of r with respect to the lexicographic order -< on F^-, while a + 1 denotes the successor 
of a. The determinant involved in the next result is defined by the same formula as in 
the scalar case, even though its entries are elements of tt{V%). 

Theorem 2. Let {^p a }aeG be the orthogonal polynomials associated to the strictly pos- 
itive, unital functional <fi on 0%(A). Then ip$ = 1 and for -< a, 



(2.7) 



-.det 



Proof. The proof is similar to the classical one. Thus, we deduce from the orthogonality 
condition (|2.4j) that (<p a , Fp/)^ = for ^ ft' -< a, which implies that J2p-< a a a,pSpi^ = 
for ^ ft' -< a. Since the coefficients of the linear system 

Y.p<a a a,pFp = <fi a , 

with unknowns a a $ are complex numbers except for those of the last equation which 
are in tt(V%), Cramer's rule still holds in a form that gives 



Next we notice that 



(det 



det 



F ... F Q 



F a )<fi — D c 



and since F a = ^—fa + J2p^ a c pFp f° r some complex coefficients cp, ft -< a, we deduce 
D a = (- 



,D<x-l 1 . n \ Da-1 
~(fa, Va + > v CpFp)^ = — 



so that 

1 _Dc 

<a D »- 



which gives (|2.7|). □ 



Usually, the representation ( |2.7|) is not very useful for the actual computation of the 
orthogonal polynomials. Instead, recurrence equations are obtained for each particular 
case of interest. We consider several such examples. 



2.1. Orthogonal polynomials in one variable. Assume N — 1. Then a linear functional 
<p on 0\ is positive if and only if K^in, m) = 0(X(Y 1 n )Y" 1 m ), n, m G N, is a positive 
definite kernel on N. One simple example can be obtained by taking At = {1 — 
X(y L )Y 1 }. In this case, is a positive functional on Oi(Aj) if and only if the kernel 
is positive definite and satisfy the Toeplitz condition, that is 

Kj>{n + k,m + k) = K^n, m), m,n,k G N. 

This shows that the orthogonal polynomials on 0\{Af) are the orthogonal polynomi- 
als on the unit circle (fll7l). The index set is N in this case, and define 7 n = — a njn ip n (0) 
for n > 1. Then |7„| < 1 and set d n = (1 — |7 n | 2 ) 1,/2 - The orthogonal polynomials on 
the unit circle satisfy the following basic recurrence equations (see []17|): 

I 

(2-8) <Pn+l(z) = - A (z<Pn(z) - 7 n+ i^(«)), 

where v^ol 2 ) = 1 an d for n > 0, 



(2-9) = ^— (-Tn+l^nW + AW)- 

Another example is given by Ar = {Yy — X(Yi)}. The index set is still N, but this 
time, 4> is a positive functional on Ol(Aw) if and only if the kernel is positive 
definite and has the Hankel property, that is 

K<f,(n, m + k) = K^{n + k, m), m,n,k G N. 

This shows that the orthogonal polynomials on Oi(Ar) are the orthogonal polyno- 
mials on the real line. In this case one obtains a basic three-terms recurrence equation 
(see 0): 



(2.10) xip n (x) = b n+1 <p n+1 (x) + a n ip n (x) + & n y? n _i(x), 

with initial conditions (po(x) = 1 and </?_i(x) = 0. 
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2.2. Examples in several variables. In this case, there is a large number of interesting 
examples. Here we mention just one. More examples will be considered in the next 
sections. Let 

A l = {l- T(Y k )Y k \k = l,...N}U {J(K fc )*i \ k,l = l,...N,k^l}. 

Then is a positive functional on 0%(Ai) if and only if is a positive definite kernel 
that obeys the rules: 

(2.11) K^ra, ra') = K^a, a'), r, a, a' G F+ , 

(2.12) K^(a, r) = if there is no a G F^ such that a = ar or r = aa. 

Such type of kernels appeared in the study of some classes of stochastic processes 
indexed by nodes on a tree (see, for instance, 0). In this case the index set is F^. We 
also need to introduce 

(2-13) D lja = det [K a/ y}^ a > 0. 



Define 7 CT = — y -j^- a a $ and notice that \ j a \ < 1. Then we can define d a = (1 — j^p) 1 / 2 

and the orhogonal polynomials associated to 0%(Ai) obey the recurrence equations 
(see §): 

1 a 

(2.14) ip ka = — (Ykipe - 7fc CT v 3 L-i)> k = 1,. . . ,N, a G F+ , 
where ip\ = 1 and for k G {1, ... , iV}, a G F^-, 

(2.15) A = -/-(-7 fe .n^+^t-i)- 

3. Recurrence equations 

In this section we consider some algebraic properties of the orthogonal polynomials 
of O N (A 2 ), where A 2 = {Y k - X(Y k ) \ k = 1, . . . , N}. If we take A' 2 = A 2 U - 
Yjl^. | fc, / = 1, . . . ,N}, then vr^(P^) is isomorphic to the symmetric algebra of 
and the orthogonal polynomials correspond to the ortogonal polynomials of several 
commuting variables, see Hl8| . Since ir^, ' 2 (Pn) is a quotient of 7fA 2 (V%) = V%, we 



expect that results for V% would give corresponding results for km (V%) by standard 
(symmetrization) techniques, see [rjj. Going in the opposite direction, we expect to 



deduce generalizations of results on n^i to similar results for V%. We illustrate this 
remark by obtaining a three-term recurrence relation for the orthogonal polynomials 
mO%(A 2 ). 

Let be a strictly positive functional on 0%(A 2 ). Since n^ 2 (V%) = V%, the index set 
G is F^- and G n is the set of words in F^ of length n. Let {<Pa} ae f+ be the orthogonal 
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polynomials associated to <fi. The matrix-vector notation in [I^| is easily adapted to 
V%, by setting $„ = [<^ CT ]| CT | =n , n > 0. We can show that ( |2 . 1 U| ) extends to 0%(A2)- 

Theorem 3. The orthogonal polynomials on 0%(A2) obey the following recurrence 
relations: for k — 1, . . . , N, 

(3.1) n$o = $i5 , fc + $ A , fc , 

and for k = 1, . . . , iV and n > 1, 



(3.2) F fc $ n = $ n+ i-B nife + $„A„ ifc + $„_ lJ B;_ lfc . 

Proof. The proof is most like in the classical, one-dimensional case. Thus, we can write 

n^=$^^V r , ke {l,... ,iV}, aeF+, 

where the coefficients c£ CT are calculated by the formula c ka = (Y k ip a , <f T )^. We notice 
that for any P, Q G V%, 

(F fc P,g) = <P(l(Q)Y k P) 

(3.3) = cj){X{Q)X{Y k )P) 

= (P,Y k Q)^. 

[More generally, we have s arj)T = s a j( a ) T for a, a, r e Fjy, where I denotes the involution 
on given by . . . i k ) = ik ■ ■ ■ h]- in particular, for \r\ < \a\ — 2, 

c ka = (^ ff ,y fc ^ r ) = 0, 

while for the remaining values of r ^ ka, 

(3.4) c ka = (<p a , Y k <p T )t = (Y k cp T , ip a )^ = c kr . 
We deduce that for k = 1, . . . ,N, 

(3.5) Y k % = + $oA),fc, 
while for k = 1, . . . ,N and n > 1, 



(3.6) Y k $ n = <& n+ iB ntk + $ n A n>fc + $„_iC n , fe . 

Let X = [xij] be a given matrix. We will use the following notation: first, T{X) = 
[l(xji)\ and then <p(X) = [0(a^-)]. We deduce from flU), Q, and (|2l]) that 

(3-7) Bl k = 0(J($„)F fe $ n+1 ), 

(3-8) A* n>k = <j>(I(* n )Y h * n ), 



(3.9) 
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□ 



We notice that ( |3.3| ) implies that A* n k = A n;k and if we define B n = [ B n x . . . B n ^ ] , 
n > 0, then B n is an N n+1 x jV™ +1 upper triangular invertible matrix. Under these 
conditions we can prove a converse of Theorem |3|. This appears as a Favard type result 
and gives a construction of strictly positive functional on C^(^4 2 )- 

Theorem 4. Let (f a = Yl T ^a a a^T , o~ G be elements in V% such that <f^ — l and 
a aa > 0. Assume that there exist families {A Utk \ n > 0, k = 1, . . . , N}, {B nk \ n > 
0, k = 1, . . . , N} of matrices such that A* nk = A n ^ for all n > and k = 1, . . . , N, 
B n = [ B n> i . . . B ny N ] is an upper triangular invertible matrix for each n > 0, for 
k = l,...,N, 

(3.10) Y k ip % = [<At] w=1 B 0jk + (p%A 0:k , 

and for k = 1, . . . , N , n > 1, 



(3.11) Y k [<fa] Wl=n = [<Pa\ H =n+ l B nJk + [<Pa}J a]=n A n>k + [^]j^| =n _ 1 B*_ ljk . 

Then there exists a strictly positive functional on Q N {A-i) such that { ( f u } a e¥ + ^ s 
family of orthogonal polynomials associated to 0. 

Proof. Since B n , n > 0, are invertible matrices, it follows that {^Pa} a< zf+ is a linearly 
independent family in V% and formula (|2.4|) suggests to define: 



(3.12) 0(1) = 1 and 0(</? CT ) =0 for a G F+ - {0}. 

These relations uniquely determine a linear functional on 0%{A-i) = V%. We will 
use again the matrix- vector notation, $ n = [</? CT ]. , n , n > 0. Also, set $_i = and 
B-i tk = 0. Then ( p.lOj ) can be included in (|3.11|) for n = 0. 

We prove that 

(3.13) = { J; i ™; 

where and I denote the zero, respectively the identity matrix of a suitable dimension. 
This will imply that is a strictly positive functional on V% and that the orthogonal 
polynomials associated to are precisely ip a , a G F^. 

We prove ( |3.13| ) by induction on m. For m = 0, 

0(J($ n )$ o ) = $(J($ )$„)* 
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so that, by (§T2|), <£(J($ )$o) = 1 and 0(J($ n )$ o ) = for n > 0. Assume (g7TJ) 
holds for n > and k < m. Then 0(X($ n )$ m+ i) = for n < m by the induction 
hypothesis. We deduce from ( ^.11| ) that 

[Y x $, . . . Y N $i] = + fyAt + ^-iC, 

where A { = [A lA . . . A l>N ) and Q = [B*_ hl . . . B*_ hN ] , hence 

$ m = [Y 1 ^ l ...Y N ^ l ]B- l -^ l A l B; 1 -^ 1 C l B- 1 

where I?^ 1 = [A,i • • • -D«,Af] T , ^ denoting the matrix transpose, E\ = AiBf 1 , and 
i 7 } = CiBf 1 . Using the induction hypothesis, the previous formula for / = m, and 
we deduce 



0(J($ m+1 )$ m+1 ) = Ef=iD* mj (l>(l^ m )Y^ m+1 ) 

-^0(j($ m )$ m+1 ) - F*0(z($ m _ 1 )$ m+1 ; 



+ EL^mJ^(*»)^ 



>j=l mj raj 



+ Ef=i ^, J A Tl -i,^(x($ m _ 1 )$ m+ i) 

i=l Tn,j m,j ' 

Similar calculations show that 0(X($;)$ m+1 ) = for / > m + 1 and the proof is 
concluded. □ 



4. Christoffel-Darboux formula 

In the classical theory orthogonal polynomials are evaluated at points in some suit- 
able domains. For instance, for orthogonal polynomials on the unit circle the domain 
is the open unit disk and the polynomials are closely related to the theory of analytic 
functions on that domain. A key to this connection can be considered to be the Szego 
kernel Ks(z,w) = * A similar relation is established between orthogonal poly- 
nomials on the real line and function theory on the upper half plane. In this section 
we suggest an extension of these connections to several non-commuting variables. The 
analogue of the unit disk was already delt with in ||, 0, and we begin by briefly 
reviewing that construction. 
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Let £ be an infinite-dimensional Hilbert space and by £(£) we denote the set of 
bounded linear operators on £. The iV-dimensional unit ball of £ is defined by 

B N {£) = {Z=(Z 1 ... Z N )\(Z\Z)<I g }, 

where Is is the identity on £ and for Z = ( Z\ ... Z^ J and Z' = ( Z[ ... Z' N ) 
inC(£) N , 



N 



f\ # 



(4-1) {Z\Z') = Y j Z k {Z') k . 

k=l 

A family of Hilbert spaces is associated to the Hilbert space £ as follows: £q = £ 
and for k > 1, 

£k = £fc-i © • • • © £k-i = ^j^-i- 

v v ' 

iV terms 

For ^ = C we deduce = (C the fc-fold tensor product of C N with itself, 
therefore ffifc>oCfc is the Fock space ^(C 1 *) associated to C N . We also deduce that 
®k>o£k is isomorphic to ^(C^) ® £■ 

For Z G Bn(£) we define -E(.Z') = [Zo-jj^iQ and notice that E(Z) is a bounded linear 
operator from ® k >o£ k into £■ The Szego kernel for B^(£) is defined by the formula 

Z') = Z, Z' g 

The following result describes some of the basic properties of Kb- 

Lemma 5. (a) K& is a positive definite kernel on B^{£). 

(b) The set {E(Z)*£ | Z G B N (£)} is total in ® k > £ k . 

(c) For any T G £(£) and Z, Z' G B N {£), 

N 

E{Z)(T - Z k T{Z')lf co E{Z'y = T, 

k=l 

where (T — J2k=i Z k T{Z')* k )® 00 is the diagonal operator in C{® k >o£ k ) with diagonal 



entry T - J2k=i z kT(Z' 



fe- 



Proof. The proof of this result can be found in 0. Thus, (a) and (c) are quite 
straightforward. The most interesting is (b). Its proof depends on the assumption 
the £ is infinite dimensional. In fact, for £ = C, the result is not true, since the set 
{E(Z)*C | Z G £>jv(C)} is total in the symmetric Fock space, see J1J. For this reason 
and sake of completeness, we sketch the proof of (6) here. Let / = {fa} ae f+ be an 
element of ®k>o£k orthogonal to the linear span of {E(Z)*£ \ Z G Bn(£)}- Taking 
Z = 0, we deduce that f% = 0. Next, we claim that for each a G — {0} there exist 

Z l = {Zl... ,Z l N )eB N {£), Z = 1,...,2H, 

such that 



range 



7*1 n*2\a\ 



Z7 



£, 



and 

Z l T = for all T^a, \r\ > \a\, I = 1, . . . , 2\a\. 

Once this claim is proved, a simple inductive argument gives / = 0, so {E(Z)*S | 
Z G Bn(£)} is total in ®k>o£k- In order to prove the claim we need the following 
construction. 

Let {e^}", =1 be the matrix units of the algebra M n of n x n matrices. Each e£ is 
aniixn matrix consisting of 1 in the (i,j)th entry and zeros elsewhere. For a Hilbert 
space Si we define = e™- (g> Is 1 and we notice that 

(4.2) E%E2 l = 6 jk E%, /•;;- /•;}. 

Let a — i\ . . . ik so that £ = £® 2 ' CT ' for some Hilbert space Si (here we essentially use 
the assumption that £ is of infinite dimension). Also, for s — 1, . . . , N, we define 

J s = {Z G {1, . . . , k} | Zfc + i_j = s} 

and 

^ = "AT X! E r+p l -l,r+p, S = 1,...,N, p=l, 
V2 r S J s 

We can show that for each p G {!,... , |cr}, 



en 



(4.4) Z£ = for r ^ a, |r| > \a\. 

Using ( f4.2|) , we deduce 

Eiv 7P7* P i y^w p 2 M p 2 kl 

s=l ^s^s 2 Z^s=l Z^rGJ s -^r+p^+p— 1 r+p— l,r+p 

AT p2|<7| 



1 v^w p 

2 Z^s=l Z^rgJ s -^r+p^+p 



£ 2 M </ 



hence Z p G Bn{£) for each p = 1, . . . , \a\. For each word r = jx . . .jk G — {0} we 
deduce by induction that 

^j fc • • • ^ji - y^fc ^r+p-l.r+p+k-l' 

where A r = njzj( J ifc _ p - p) C {1, . . . , N} and J Jfc _ p - p = - p \l G J ift _J. 

We show that A a = {1} and A T = for t ^ a. Let g G A T . Therefore, for any 
p G {0, . . . , k — 1} we must have q + p G Jj fc _ or i fc+1 „ 9 _ p = jfc_p. For p = fc - 1 we 
deduce ji = 2 2 -<j an d since 2 — g > 1, it follows that q < 1. Also g > 1, therefore the only 
element that can be in A T is q = 1, in which case we must have r = a. Since / G Ji k+1 _ { 
for each / = 1, . . . , — 1, hence v4 CT = {1} and A T = for t ^ o. Formula ( |4.5|) implies 
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In a similar manner we can construct a family Z p , p = |cr| + l,...,2|cr|, such 
that 



7*p 



E, 



2\a\ 
p+k,pi 



and 

Thus, for s — 1, 
and 



Z^ = for r^a, \r\>\a\. 
N, we define 

K s = {I E {1,... ,k} I i k = s} 



Now, 



y*p 

3 : V2 



1_ \^ p 2| CT | 



iV, p= \a\ + 1,... ,2|a| 



rGiC s 



2|ct| 



1 



p2[<r| 



p 2H 77.2|o-| 



£7. 



2\a\ 



□ 



whose range is £. This concludes the proof. 

Define the vector space 

K = {r f : £jv(£) -> £ | r/(Z) = / G ©*>„£*}, 

and consider the map C/ : ®k>o£k — * 1Z defined by Uf = rf. This map is linear and 
bijective (by Lemma |5| (6)), so we can define on TZ an inner product by the formula 

(rf,r h )K = (/,/i) efe > £ fc . 

TZ becomes a Hilbert space and U is a unitary operator from ®k>o£k onto TZ. The 
space TZ has the reproducing property 

(4.6) (r f (Z),e) £ = {rf,r E{Z y e )n, f E ® k >o£k, e E £. 

We now let P = J2ae¥+ c °-^°- e ^Iv take vames on &n(£) by the the formula: 

P(Z) = c <^> Z G B n{S). 

Note that each f e = [c t7 ] o . eF + © e, e E £, belongs to Q)k>o£k, so that we deduce from 
(p|) that 

(P(Z)e, e') e = (rf e ,r E (z)*e')n, e, e' G £. 

All these considerations suggest to introduce the following set as a convenient domain 
for the evaluation of the orthogonal polynomials on O N (Ai). Define 

G N (£) = {(Wi ...W N )E C(£f I W x Wt + ... + Wn-xW^ < ^(W N - W* N )}, 

the Siegel upper half-space of £ (see 0, [0). There is a linear fractional map (Cayley 
transform) connecting Gn{£) with B N (£), defined by the formula: 

c(z) = ((i + z N y l z x , ...,(/ + z N y l z N _ u %{i + z N y\i - z N )), 
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for Z = {Z\ . . . Zn) G Bn{£)- Note that since (Z% . . . Z^) G Bn(£), each Z k , 1 < k < 
N, is a strict contraction (\\Z k \\ < 1), hence C(Z) is well-defined. 

Proposition 6. C is a bijection from Bn{£) onto Qn{£)- 

Proof. For Z G B N {£) we define W k = ( I + Z N )- l Z k for 1 < k < N - 1, and Wjv = 
i{I + Z N )-\I - Z N )). Then 

£(Wat-W£) = (/ + Z N )-\I - Z N Z* N )(I + z^)- 1 

> (I + z N )-\z x zi + . . . + Z N ^Z* N _ X ){I + z^)- 1 
= Witt? + • • • + Wn-xW^ 

so that C{Z) G £jv(£)- 

If = (Wi . . . Wjsi) G Gn(£), then the imaginary part of Wn is strictly positive, 
therefore % + Wjy is invertible and C is one-to-one. Also, one easily verifies that for 

w g g N (£), 

C-\W) = (2i(i + W^Wi, . . . , 2i(i + W^v)" 1 ^-!, (i + W N )-\i - W N )) . 

□ 

We now introduce the Szego kernel of Gn(£) by the formula: 

K g {W, W) = F(W)F(W')\ W, W G g N {£), 

where 

F(W) = 2E(C~ 1 (W)) ((z + WV)- 1 )® 00 . 

Lemma 7. (a) Kg is a positive definite kernel on Qn{£)- 

(b) The set {F(W)*£ | W G Q N {£)} is total in ® k > £ k . 

(c) For any T G C(£) and W, W G B N (£), 

i ^l 1 

(WivT - - V WfcT(Pr)£)®°°iWT = T. 

2i / — ' 

fe=i 

Proof, (a) and (6) follow directly from Lemma [5[ For (c) we notice that if W — C(Z) 
and W = C(Z') for Z, Z' G ), then 

JV 1 N-l 

T-J2z k T(Zr k = ^ + W N )-\-(W N T-T(W%)-J2 W ^^ 

k=l fc=l 

and together with Lemma [|(c), this concludes the proof. □ 

We can define 

S = {s f : G N (£) -> £ | S/ (W) = / G © fc > ^}, 

and with the inner product 

(sf,s h ) s = (/, /i) ffife > f fc) 
12 



S becomes Hilbert space. The connection between the spaces 7Z and S is consistent 
with the connection between the Hardy spaces H 2 and H 2 (^sz > 0) on the unit disk 
and, respectively, the upper half plane, to which 1Z and S reduce for N = 1 and £ = C. 

We now let P = J2ae¥+ c <^a £ V% take values on Gn(£) by the the formula: 

P(W) = J2 C ° W °> WeQ N {£). 



Let be a strictly positive functional on 0% and let {y?o-} crG F+ be the associated 
orthogonal polynomials. Then 

K n (w,w')= J2<p«(w)va(wy, 

\a\<n 

is a positive definite kernel on Q N (£), called the Christoffel-Darboux kernel, and the 
Christoffel-Darboux formula is supposed to provide a connection between K n and Kg. 

One of the reasons for the interest in K n in the classical, one variable case, is that 
K n is a reproducing kernel for the set of polynomials of degree at most n with respect 
to the inner product induced by 0. A similar result can be obtained in the non- 
commutative case. Thus, we have to consider V%(£), the set of elements of the form 
P = Xlo-eF+ c o-^o-, with only finitely many c a G C{£) different from the zero operator 
on £. On V%(£) we introduce the product J2ae¥+ C ° Y ° SreF+ d T Yr = J2a,r€F+ c ^ T Y ar 
and extend to V%(£) by setting 0(£o-gF+ c a Y a ) = c v4>(Y a ). Also, extend J 

b y J (£aeF+ C ° Y °) = E CT eF+ c a J (^) and define 

(P,Q) <P = <P(X(Q)P) 

for P,Q G V%{£). Let P = J2\a\<n c ° Y ° e V n, then P = En<n a ^a, where a a = 
(P, (pa)(j>, so that K n has the following reproducing property: 

— (P, Kn,W'/4>, 

where K n , w ,(W) = K n (W, W) and W, W G Q N (£). 

We can obtain now a Cristoffel-Darboux type formula. It is not as simple and 
relevant as in the commutative case. 
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Theorem 8. The Christoffel-Darboux kernel and the Szego kernel are related by the 
formula: 

K n (w, w) = f(w) {$ n+1 (w)B n>N $ n (wy - § n {w)B* n ^ n+1 {w>y)) F(wy 

- Ek=i F(W)W k K n (W, W')(W')%F(W')*. 

Proof. Using the recurrence equations for the orthogonal polynomials we deduce 
W N K n (W,W) - K n {W,W'){W' N )* 

= ELo ^k+i(w)B k>N ^ k (wy + ELo ^i(w)B* k _ 1>N ^ k (wy 
- ELo Mw)Bt^ k+1 (wy - ELo Mw)B k ^ N ^(wy 

= $ n+1 (W)B n>N <S> n (W'y - <5> n (W)B* n N <5> n+1 (W>y. 
The proof is concluded by an application of Lemma [7| (c). □ 

5. Jacobi matrices 

Let be a strictly positive functional on C^(^4 2 )- In addition to the Hilbert space 
H<f>, the GNS construction produces a representation of O N (A2) by operators on Ti^. 
In this section we analyse this representation in some details by showing the connec- 
tion with certain matrices of Jacobi type. Let { ( fa} ae f+ be the family of orthogonal 
polynomials associated to 4>. Then we define for P G C^(*4. 2 )(= Pn), 

(5.1) ^OPK = P<P„. 

Formula ( |3.3| ) shows that each ^(P) is a symmetric operator on Ti^ with dense domain 
V, the linear space generated by the polynomials ip a , o G F^. Also, for P,Q G V%, 

^(PQ) = ^(P)^(Q), 

and ^/^(P)V C V for any P G V%, hence is an unbounded representation of 

0%(A 2 ). Also, <p(P) = (^(P)l, l)^ for P G P^. Of special interest are the operators 
= ^V(Yfc), = 1,... ,N, since ^(E^eF^ c <^) = E CT eF+ c ^<j>,a, where ^ )(T = 
. . . for a = %\ . . . i k . Since each commutes with the complex conjugation, 

it follows from von Neumann's theorem (Theorem X.7 in |L6]]) that each admits 

self-adjoint extensions. 

Let {ei, . . . , e^} be the standard basis of C N , then {e^...^ = ® . . • ® ei k | 1 < 
. . . ,i k < iV} is an orthonormal basis of the Fock space J-(C ). Let TU be the 
unitary operator from ^(C^) onto H^, such that W(e a ) = ip a , a G F^. We see that 
W~ X T> is the linear space V generated by e a , a G F^, so that we can define 



J k = W~ 1 y <p , k W, k = l,...,N, 
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on T>q. Each Jk is a symmetric operator on T>q and by Theorem ^ the matrix of Jk 
with respect to the orthonormal basis {e cr } . e¥ + is 



Jk 







Bo,k Bl k 
B lik A 2 ,k 



We call ( Ji . . . Jw) a Jacobi iV-family on P - We can state now the main result of this 
section about the modeling of Jacobi iV-families. 

Theorem 9. Let (Ji . . . Jn) a Jacobi N -family on T>q such that B n = [-B n ,i • • • Bji,n] 
is an upper triangular invertible matrix. Then there exists a unique strictly positive 
functional <f> on 0^{Aq) such that the map 

W(e a ) =<p a , a e F+, 

extends to a unitary operator and 

Jk = W- 1 %, k W, k = l,...,N. 

Proof. Since B n , n > 0, are invertible matrices, we can uniquely determine the elements 
ip a , a £ F^r, in V% such that for k = 1, . . . ,N, 



and for k — 1, . . . , N, n > 1, 



Yk [fa\\ a \ =rl = Mtf^n+l B n,k + [<Ax] H=n A n,k + [<Ar]j^| =n _i B * n _ lk . 

Theorem || gives a unique strictly positive functional on C^(^4 2 ) such that {^p u } rj& + 
is the family of orthogonal polynomials associated to 0. The GNS construction for this 
will produce the required W and \I/ as explained above. □ 

We conclude with an application concerning the moments of positive functionals. 
Let be a positive functional on C^(^4 2 )- The numbers 



(5.2) 



s CT = 0(r CT ), a e f 



AT; 



are called the moments of 0. A Hamburger type problem would be to determine 
conditions on the family {s CT } (TgF + so that there exists a positive functional on O N {A2) 
satisfying (|5.2j). A solution to this problem can be obtained as follows. 

Theorem 10. The numbers s a , a £ F^, are the moments of a positive functional on 
0%{A.2) if and only if K(a, r) = S/( CT ) rj a, r £ F^, is a positive definite kernel on ¥~^. 
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Proof. The classical approach extends to this setting. Thus, we notice first that 

K(aa, t) = s J ( Q!0 .) T 



(5.3) = s/( CT )/( a ) T 

= K(al(a),r), 

for a,a,r G F^. Define the sesquiliniar form on V% by the formula 

Let M = {P G V% | (P, P) = 0} and let TC be the Hilbert space obtained by completing 
V%/M in the inner product (-, •). Define the maps '■ P% — ► V%, k — 1, . . . , N, by 

From ( |5.3| ) we deduce that each k — 1, . . . , iV, is a symmetric operator and ^A/" C 
Af. Thus, each \1>4 lifts to a symmetric operator, still denoted ^k, with domain V%/M 
in 7i. Also ^ k (V%/M) C V%/N, so that = . . . is defined for any a = 
i\ . . . ik G F^y and we can take 

where 1 denotes the class of 1 G V% in V%/M. One can easily check that is a solution 
of the Hamburger problem with data {s cr } crgF + . □ 



A more specialized version of this result was proved in fT0| 
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